INTRODUCTION
Atmospheric stability is important for wind energy because it influences the characteristics of the atmospheric boundary layer (ABL) in which wind turbines are operating. In stable conditions, buoyancy forces suppress turbulence and thus vertical fluxes, subsequently increasing vertical shear, while decreasing the ABL depth. The low ambient turbulence delays wind turbine wake recovery, which can increase losses in annual energy production of wind farms due to wake interaction. When the atmosphere is unstable, the buoyancy forces increase the boundary layer height, and the ambient turbulence levels are enhanced. Both the increased vertical shear in stable conditions and the high ambient turbulence levels in unstable conditions can increase the blade fatigue loads. Moreover, measurements and simulations of the diurnal cycle on land show that the ABL is non-neutral most of the day. [1] In addition, measurements of offshore wind farmswhere seasonal variations are more pronounced than daily variations -indicate that for the low wind speed range (i.e. less than 15 m s -1 ), non-neutral atmospheric stability is prevailing as well. [2] It is, therefore, important to include atmospheric stability in wind turbine simulations involving loads and annual energy production.
The atmospheric stability of the atmospheric surface layer (ASL) can be represented by Monin-Obukhov similarity theory (MOST) [3] . MOST describes velocity, temperature and turbulence profiles of the ASL for neutral and non-neutral conditions, using theoretical considerations and emperically fitted parameters. In the present work, we are interested in applying MOST to Reynolds-averaged Navier-Stokes (RANS), where the turbulence is modeled with the k-ε model. However, it is well known that MOST profiles are not in balance with the turbulent transport equations of the k-ε model in their standard configuration. [4, 5] This means that the vertical profiles inserted at inlet will develop downstream, and the flow solution (e.g. a wind turbine wake) will be dependent on the distance between the inlet and the area of interest (e.g. a wind turbine). Several authors have proposed changes of the turbulent transport equations, in order to make the k-ε model consistent with MOST, mainly for stable atmospheric conditions. These changes are often parameterizations of one or two model constants, as listed in Table I . Freedman and Jacobson [4] argued that the k-equation is in near equilibrium in stable atmospheric conditions and changes only need to be made in the ε-equation. Freedman and Jacobson proposed to introduce a Cε,1 as a function of the flux Richardson number to overcome the inconsistency with the ε-equation in a stable ASL. In addition, Freedman and Jacobson used an eddy-viscosity coefficient Cµ that is also a function of the flux Richardson number, although this is not necessary for the purpose of sustaining MOST profiles. Alinot and Masson [5, 6] proposed to modify the transport equation by introducing a Cε,3 as function of the stability parameter ζ, for stable and unstable atmospheric conditions. In addition, Alinot [6] redefined the inlet profile for ε to account for the imbalance with the kequation, and showed that the method works for small domains. Unfortunately, the method does not work for large domains because the transport equation for turbulent kinetic energy (TKE) k is still not in equilibrium with MOST, especially in unstable atmospheric conditions, which will be shown in the present paper. Parente et al. [7] proposed to add a source term in the k-equation such that the k-ε model can sustain a k inlet profile that is variable with height. We will combine the ideas of Parente et al. [7] , and Alinot and Masson [5, 6] into a new method where an additional analytical source term in the k-equation is added and a variable Cε,3 is used, such that stable and unstable MOST profiles are maintained over a long distance. In theory, one can also choose to parameterize other constants in the ε-equation, however, it is more natural to parameterize Cε,3 because this parameter does not exist in the k-ε model for neutral conditions. In addition, the new method is applicable for any MOST profile because it is not restricted to a particular choice of constants.
The description of MOST and corresponding assumptions are summarized in Section 2. The turbulence modeling of a neutral and non-neutral ASL using MOST is described in Section 3. Section 3 also discusses the new method for maintaining MOST profiles in large domains. The simulations are discussed in Section 4.
MONIN-OBUKHOV SIMILARITY THEORY
The decription and assumptions of MOST can be found in the literature, e.g. Panofsky and Dutton [8] , and Monin and Yaglom [9] . For completeness of the present work, an overview is presented here.
MOST assumes that the ASL is steady state and horizontally homogenous. In addition, the turbulent stresses u ′ w ′ and w ′ θ ′ (also known as vertical turbulent heat flux) are assumed to be constant with height. Note that U is the streamwise velocity (in x-direction), W is the vertical velocity normal to the ground (z-direction) and θ is the potential temperature; here, we use capital letters to denote mean values, and lower case indicates deviations from the corresponding mean value. Furthermore, MOST includes the assumption that the normalized velocity and potential temperature gradients can be described by analytical functions (Φm (ζ) and Φ h (ζ), respectively) that are dependent on a single stability parameter ζ,
All these assumptions can be summarized as follows:
where u * is the friction velocity, θ * is the surface-layer temperature scale, L is the Monin-Obukhov length, g is the gravitational acceleration (9.8 m s -2 ), κ is the von Kármán constant [10] , and θ0 is the potential temperature in the ASL. For ζ → 0, the assumptions of MOST also lead to the neutral ASL solution, with Φm(0) = Φ h (0) = 1, where both the heat flux and the gradient of the potential temperature are zero. The Boussinesq approximation [11] is used to parameterize the deviatoric Reynolds stresses [12] 
where δij is the Kronecker delta, ∂Ui/∂xj are the mean velocity gradients, k ≡ u ′ k u ′ k /2 is the TKE and νT is the turbulent eddy viscosity. From equation (6) and the assumption of equation (4) , it follows that the turbulent eddy viscosity νT can be written as
since all other velocity gradients are assumed to be zero. Note that the subscript MO denotes the viscosity conforming to MOST. The classical MOST profiles of mean velocity and potential temperature are then found by integration of equations (4) and (5)
where θ0 is the potential temperature near the surface (i.e. at z = z0) and θ * can be written as:
using equations (1) and (3). Note that the terms with z0/L are neglected in equations (8) and (9) . Field measurements of the ASL suggest the following analytical functions Φm and Φ h in stable and unstable stratification [13, 14] :
where Ψm and Ψ h follow from integration as defined in equations (8) and (9); other similar analytical forms for these functions have also been reported (e.g. [15] ). We remind that, here, φ −1 denote reciprocals, (not inverse functions). * The constants β, γ1, γ2 and the turbulent Prandtl number σ θ are empirically determined via measurements; commonly-used values of these constants are
Businger et al. (Kansas experiment) [13] : σ θ = 0.74, β = 4.7, γ1 = 15, γ2 = 9, Dyer [14] :
The similarity functions in equation (11) are written without (ζ); for brevity, we will use such abbreviation hereafter. If one writes the rate equation for TKE in non-dimensionalized form, then it is possible to relate Φm to analogous MOST functions for TKE components (e.g. [16] ). More specifically, normalizing the TKE budget
by the surface-layer dissipation rate u 3 * /(κz), one may write κz u 3 *
where the normalized dissipation is defined as Φε ≡ εκz/u 3 * . In equation (14), T represents transport of TKE (with ΦT as its normalized form), and
is the turbulent production due to shear, which, in horizontally homogeneous conditions, can be simplified to
using equations (4) and (7) . B is the rate of turbulent production or destruction of TKE because of buoyancy
where the right-most expression follows from (1) . Note that generally the virtual potential temperature θv should be used in equation (17); however, we are not considering water vapor in the present work, thus e.g. θv,0 = θ0. For the normalized turbulent dissipation rate (Φε ≡ εκz/u 3 * ), a commonly used parameterization is Panofsky and Dutton's [8] relation
Note that forms for Φε can contain implicit assumptions that are potentially inconsistent with equation (14); for example equation (18) implies small buoyant production in unstable conditions and neglects turbulent transport stable conditions. The latter assumptions, however, eliminate the need for a form for ΦT in the dimensionless TKE budget.
TURBULENCE MODELING OF NON-NEUTRAL ASL USING MOST
The standard k-ε turbulence model from Launder and Spalding [17] is popular in RANS simulation of atmospheric flows. This 2-equation turbulence model predicts only isotropic Reynolds stresses (
, because the Boussinesq approximation of equation (6) is used with a scalar turbulent eddy viscosity; the latter is defined as
with Cµ as a constant and ε as the rate of turbulent dissipation. Using equation (19) and the MOST profile from equation (7), the turbulent dissipation of equation (14) then implies a vertical TKE profile, i.e.
The standard transport equations for k and ε can be written as [18] Dk
where D k and Dε represent the transport of k and ε through diffusion, respectively
In equation (21), the kinematic molecular viscosity ν is neglected, since the flow of interest is characterized by a high Reynolds number and consequently ν << νT . The parameters Cµ, Cε,1, Cε,2, Cε,3, σ k , σε in equations (21) and (22) are listed in Table I, As proposed by Richards and Hoxey [20] , the constant Cµ is based on atmospheric measurements that are summarized by Panofsky and Dutton [8] , and Cε,1 is adapted to maintain the logarithmic solution via [18] in neutral conditions,
Equation (23) is derived by substitution of the neutral ASL solution
into the k-ε equations (21) . When equation (23) holds, the neutral ASL solution of equation (24) is in equilibrium with the RANS equations-in combination with the standard k-ε model and the correct boundary conditions, as discussed in Section 4. Using equations (3), (5) and (7), the vertical turbulent heat flux w ′ θ ′ can be determined from
where we set the turbulent Prandtl number σ θ as [13] 
following the flux-gradient (Boussinesq) relations (2)-(5); the latter can be best considered as a modeler's choice. [21] The turbulent production or destruction due to effects of buoyancy, B, from equation (17), can then be written as
using equations (16) , (17), (25) and (26) . The expressions of B from equation (27) are commonly used in literature. [5, 21, 22] In the present work, we will use the expression on the right-hand side of equation (27) for the k-ε model for MOST. However, there is an inconsistency in unstable conditions, when the empirical similarity functions of equation (11) are substituted in equation (27), because a different relation for ΦB is obtained compared with equation (17) (ΦB = −ζΦm when using the constants of Dyer). The inconsistency is caused by the fact that the empirical similarity functions suggest that σ θ = Φ h /Φ 2 m in unstable conditions, which does not comply with equation (26).
A consistent k-ε model for MOST
The standard k-ε model is not consistent with MOST, which is shown in Section 3.1.1. An existing and a proposed method to solve the inconsistency with the standard k-ε model are discussed in Sections 3.1.2 and 3.1.3, respectively.
Inconsistency of MOST with the k-ε equations
The model equation for the TKE equation (21) can be simplified for the conditions corresponding to MOST, i.e.
The transport of TKE (D k ) that was modeled through diffusion in equation (22) can now be rewritten as
by employing equations (7), (11) , (14) , and (20) in order to be consistent with MOST. Here, CD k is a constant, and fun and fst are stability functions:
The budget of TKE for stable and unstable conditions is plotted in Figure 1 using the constants of Dyer (equation 12), where each individual term of equation (28) is plotted. In stable conditions, the diffusion term D k is small compared to the production P and dissipation ε, consistent with the TKE profile from equation (20) being nearly constant with height. Note that the diffusion is negative near the wall (for 0 < ζ <∼ 0.1), which might seem unphysical but is not problematic. Equation (28) holds because P − ε + B = 0 for σ θ = 1, which means that a near equilibrium in TKE exist. In unstable conditions, the equation for TKE is not in equilibrium since the TKE profile from equation (20) varies with height, which results in a diffusion that is larger than the production and dissipation for ζ < −0.7. Hence, it is not possible to maintain the TKE profile for unsteady atmospheric conditions using an unmodified k-equation.
Employing equation (21), the budget for the turbulent dissipation rate ε corresponding to MOST can be written as where the diffusion Dε, as defined in equation (22), reduces to
where
The budget for ε in MOST then becomes
The dimensionless MOST dissipation equation (36) reduces to equation (23) in neutral conditions (ζ = 0). If equation (36) is satisfied, the MOST profiles are in balance with the ε-equation. This can be achieved by making Cε,3 a function of ζ, which is discussed in the next two subsections.
Method I: solution of Alinot and Masson
Alinot [6] proposed to overcome the inconsistency of the k-equation with MOST by defining ε explicitly as
while D k , P and B are still computed with the ε-profile from MOST, as defined in equation (14) . As a consequence, the k-equation is still not satisfied because ε is not solved from equation (37). Nevertheless, Alinot and Masson [5] used the adapted ε, and they insert it into the ε-equation to derive a relation of C * ε,3 as function of ζ, where Cε,3 = Cε,1(1 − C * ε,3 ). Alinot and Masson [5] published a fifth order polynomial fit of the complex relation of C * ε,3 ; however, Figure 2 shows that this fit is only valid for −2.3 < ζ < 2.0 and their choice of model constants, as listed in Table I . The full relation of Cε,3 is equal to: 
The relation from equation (38) is valid for the stability coefficients of Dyer, given in equation (12) . If the stability coefficients are kept implicit, the relation for Cε,3 becomes more cumbersome. Table I .
Method II: new, proposed solution
We propose to solve the incompatibility of the k-equation with MOST by introducing a source term S k in the k-equation
where S k is defined as
using equations (30) , (32) and (31) . In stable atmospheric conditions, S k only counterbalances the small turbulent diffusion D k for σ θ = 1, and it is therefore small. S k is large in unstable atmospheric conditions because the diffusion is large and P − ε + B = 0. The inconsistency in the ε-equation is solved with a parameterization of Cε,3, by using equation (36)
where equation (23) is employed. S k and Cε,3 are plotted in Figure 3 . Note that the typical wall boundary conditions for simulations of the neutral ASL using the k-ε model [23] can still be used, because the MOST profiles approach neutral conditions at the wall, where ζ → 0. 
SIMULATIONS

Methodology
The incompressible finite volume code EllipSys3D is used. [19, 24] The Navier-Stokes equations are solved with the SIMPLE algorithm [25] , and the QUICK scheme [26] is used to discretize the convective terms. Since the flow variables are stored in a co-located manner, decoupling of the pressure with body forces can occur. This problem is solved by a modified Rhie-Chow algorithm that is suitable for flows with body forces. [27, 28, 29] The simulations are performed without solving a temperature equation, since the Bouyancy source term is not taken as a function of the potential temperature (right-hand side of equation (27)).
Test cases
In Table II 
which follows from equation (24) . In neutral conditions, U ref and I ref are set by the friction velocity u * and the roughness length z0
using the logarithmic solution given in equation (24) . In the non-neutral MOST simulations, u * and z0 are set as
The stability constants of Dyer from equation (12) are used in the MOST functions. 
Computational domain
We would like to apply the proposed k-ε model to non-neutral wake simulations in future work. Therefore, the computational domain that is used to test the capability of maintaining MOST inlet profiles is based on a domain suitable for single wake simulations, and it is shown in Figure 4 . Inside the flow domain, a wake domain is defined in which a wind turbine represented as an actuator disk (AD) [30] could be placed. The wake domain has dimensions 12D × 3D × 2D in x,y,z-direction, with D = 40 m. In the wake domain, a uniform spacing of D/10 is used in the horizontal directions, which is based on a grid study performed in previous work. [31] The first cell height is set to 0.1 m and the neighboring cells grow with height. Note that the cells do not exceed D/10 inside the wake domain. The total amount of cells is around 1 million.
The width and height of the full domain is 16D. The length of the domain is 22D + xin, where xin is a parameter that is used to investigate the ability of maintaining the inflow profiles at the hypothetical AD location. In this study, xin is set to 1 and 50 km. The inflow profiles are inserted at the lateral boundary x = 0 and at the horizontal boundary z = 16D. Symmetry conditions are imposed at the lateral boundaries at y = 0 and y = 16D. An outlet is placed at x = xin + 22D, at which a fully developed flow is assumed. At the wall boundary z = 0, the turbulent dissipation is prescribed, while a Neumann condition is used for the TKE. [ Hypothetical AD is illustrated as a red filled box. One in every two nodes is shown.
Results and Discussion
In Section 3, it has been shown that k-ε-equations of the standard k-ε model are not in equilibrium with MOST, which means that MOST profiles are not sustained. Alinot and Masson [5] have proposed a modified k-ε model for MOST, here labeled as the k-ε MOST AM model, that uses a variable Cε,3 and a modified ε. We have proposed an alternative k-ε model, labeled the k-ε MOST model, where an analytical source term is introduced in the k-equation and an alternative variable Cε,3 is used. The k-ε MOST and k-ε MOST AM models are compared using a mesh that is suited for a single wind turbine wake, as shown in Figure 4 , where xin is 1 and 50 km. The profiles at the hypothetical wind turbine location are extracted and compared with the inlet MOST profiles in Figures 5 and 6 for xin = 1 and xin = 50 km, respectively. Note that the k-ε MOST AM model is employed with the turbulence constants of the k-ε MOST model, as listed in Table   Stable Neutral I. It is clear that k-ε MOST AM model cannot sustain MOST profiles for unstable conditions over a long distance, because the k-equation is not in equilibrium with MOST, as discussed in Section 3.1.2. This results in an error in k and U of about 17% and 2% at the reference height of 50 m, respectively, for xin = 50 km. Even if the k-ε MOST AM model is applied to a relative small domain (xin = 1 km), the error in k and U , at the reference height, is still 7% and 1%, respectively, as shown in Figure 6 . The k-ε MOST model can sustain MOST profiles because the additional source term keeps the k-equation in balance. For unstable conditions, the corresponding errors in k and U are smaller than 1% at the reference height. The remaining error is caused by the well known wall problem of k at the wall. [32] In addition, the k-ε MOST model predicts the original ε from MOST, while the k-ε MOST AM model uses a modified ε that shows large deviations with MOST.
CONCLUSION
The consistency of Monin-Obukhov similarity theory (MOST) with Reynolds-averaged Navier-Stokes (RANS) using the k-ε model is investigated. The (non-neutral) MOST profiles are analytical functions that are not in equilibrium with the standard k-ε-equations. It is shown that an additional source term in the k-equation (at least in unstable atmospheric conditions) and a variable Cε,3 can be used to sustain MOST profiles over a long distance of 50 km. The k-ε model of Alinot and Masson [5] developed for MOST does not work well in unstable conditions, because it lacks the source term in the k-equation.
